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The author proposes a method for solving nonlinear heat conduction 
problems in which the space-time domain is divided into a series of 
calculation intervals with respect to time and the coordinate. 

In this  paper  the approximate  method of solving 
non l inea r  p r o b l e m s  proposed in [1] is f u r t he r  devel -  
oped. 

We wil l  cons ide r  the solut ion of the heat  conduction 
equat ion for  a plate  or a m u l t i l a y e r  sy s t em composed 
of p la tes  in the case  when the t he rmophys i ca l  p r o p e r -  
t i e s  depend on t e m p e r a t u r e .  Heat exchange with the 
su r round ing  med ium is governed  by Newton 's  law 
(boundary condit ion of the th i rd  kind), the ambien t  
t e m p e r a t u r e  and the heat  t r a n s f e r  coeff icient  may  
va ry  in  t ime  accord ing  to an a r b i t r a r y  law. The r e -  
l a t ions  for the t h e r m a l  eonduct iv i t ies  X and specif ic  
heats  c are given for  a n / - l a y e r  sy s t em in the fo rm 

= X~ (t), c = cx (t), [0; L~], 

;~ = g2 (t), c = c2 (t), ILl; L~], 

)~ ----- X l (t), c = c~ (t), [L~_~; Lz]. (1) 

Since the t e m p e r a t u r e  is an unknown funct ion of the 
coordinate  and t ime ,  X and c a re  c e r t a i n  unknown com-  
plex funct ions  of x and T. 

The s p a c e - t i m e  d o m a i n  is divided into m t ime  in-  
t e r v a l s  A~- and n l a y e r s  Ax; on Ax dur ing  the i n t e rva l  
A7 the the rmophys ica l  c h a r a c t e r i s t i c s  take constant  
values .  After th is  t r a n s f o r m a t i o n  the solut ion of the 
in i t i a l  n o n l i n e a r  p rob l em can be r ep laced  by suc c e s -  
s ive solut ions of l i n e a r  p r o b l e m s  with the same  bound-  
ary  condit ions as in the in i t ia l  p rob lem.  

In solving these  l i nea r  p r o b l e m s  the t he rmophys i ca l  
p a r a m e t e r s  can be chosen as follows. During the in -  
t e rva l  AT the p a r a m e t e r s  X and c can be r e p r e s e n t e d  
by funct ions  of the coord ina te  only: 

X -- X it, (x)l, c -- c [t~ (x)], 
�9 = , i + O ( ~ j §  0 < 0 < 1 .  (2) 

Funct iona l  r e l a t ion  (2) is  de te rmined ,  f i r s t ly ,  by 
the given t e m p e r a t u r e  dependence of the p a r a m e t e r s  
(1) and, secondly,  by the t e m p e r a t u r e  d i s t r ibu t ion  
with r e spec t  to the coordinate  

t l (X)[x=~i+o(~i+,_~i); o<o<l. 

The values  of X and c in the l aye r s  a re  given by 

X~, c~, [x~; x~], x~ = 0, 

X2, c~, ix2; x:~], 

Z, = Xs, c = % [x~; x41, 
�9 . o . . . . . . . . . . . .  

where  

~"n--1, Cn--1, [ X n - - 1 ;  Xn], 

Xn, % [x~; x.+ll, (2a) ' 

~ = ~ it (x)] [ (2b) 
c~ = c it (x)] [x_~i+s(xi+l_x~); 0<o<l 

Thus,  funct ions  with d i scon t inu i t i e s  of the f i r s t  
kind (2a), (2b) c h a r a c t e r i z e  the d i s t r ibu t ion  of the 
t h e r m a l  c h a r a c t e r i s t i c s  over  the l a y e r s .  On t r a n s i -  
t ion f r o m  the j - t h  to the (j + 1)-th t ime  i n t e r v a l  and 
f r o m  the i - t h  to the (i + 1)-th l aye r  the p a r a m e t e r s  
change d i sc re t e ly .  Matching at the boundar i e s  of the 
l a y e r s  i s  achieved by in t roduc ing  the condit ion of 
equal t e m p e r a t u r e s  and heat  f luxes at the boundar ies .  
The t e m p e r a t u r e  f ield at the end of the j - th  t ime  in-  
t e rva l  is  the in i t i a l  condit ion for  the (j + 1)-th in te rva l .  
As shown in  [1], the point of the s p a c e - t i m e  domain,  
with r e s p e c t  to which the t he rmophys i ca l  p a r a m e t e r s  
a re  found, may  be se lec ted  e i ther  at the beginning  of 
the t ime  in t e rva l  T~. or at i ts  end Tj+ 1, at the left x i or 
r ight  boundary  of t~e l a ye r  xi+ 1, or  at some i n t e r m e d -  
ia te  value 

�9 i < T  .~x/+ x, 
x, < x < x~+~. 

The a r b i t r a r y  choice of this  point d e t e r m i n e s  the ap- 
p rox ima te  na tu re  of the method of solut ion for f ini te  
va lues  of A~- and Ax. F r o m  phys ica l  cons ide ra t ions  it 
is obvious that  as A~- and Ax dec rease ,  the e x p r e s -  
s ions for  the t e m p e r a t u r e  f ie lds  in the l i n e a r  p r o b l e m s  
will approach the solut ion of the in i t i a l  non l i nea r  prob-  

lem.  
In solving this  p rob lem the in i t ia l  condit ion may be 

taken as the zero  condit ion; this  s impl i f ica t ion  is based 
on the p ropos i t ion  that  the effect of the in i t ia l  t e m p e r -  
a ture  d i s t r i bu t ion  grows weaker  in the course  of the 
p r o c e s s .  

The t e m p e r a t u r e  f ield in the f i r s t  t ime  i n t e rva l  is 
de sc r i be d  by the exp res s ion  obtained in [2]. In the 
second t ime  i n t e rva l  the heat  conduct ion equation and 
the boundary  condit ions for  the s y m m e t r i c a l  p rob lem 
have the fo rm 

Ot~ O2t, . 
- -  = a i ,2  - - ,  

0 �9 Ox ~ 

i =  1, 2, 3, ..., n; (3) 

at  tx, ~) a ~  + % [to ( ~ ) -  t (x, ~)]x=0 = 0; (3 a) 
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Ot (X,ox t )  x=~.+~ = O; (3b) 

(3c) 

(3d) 

(3e) 

(3f) 

oq 

ti (x, "0 I,=~:, = ~ ]  t?~ (-~,) Q,~, ~, ~ (x) + 
k=0  

r~ 

+ ~  ( - l ?  t~)(o) x 
k=0 

~ ~ ( ~ , ~ ,  x) 
x .2~+1 q~, (~tp, l) exp ( - -  Ix~, 1 ti); 

p = l  Wp,  I 

~, = L i ,  2; a = a i ,  2; 

fi (Xt+I, T) = t i+ l (Xi+~ ,  t ) ;  

Oh (x~+. t )  06.~ (xm, ~) 
Ox Ox 

As fol lows f r o m  [2], the funct ions  Qk, i (x}  a r e  po ly -  
nomia l s  of d e g r e e  2k defined on the in t e rva l  [xi; 
xi+l].  If x is r e p r e s e n t e d  in the f o r m  of a r e l a t i ve  co-  
ord ina te  

Ni = (xl +l - -  x)l(xi+i -- xi), 

the coef f ic ien ts  in Qk ,  i(x) will  cons i s t  only of c o m -  
p lexes  of the type 

R~ = A x]Xi; M,, = (h xi)~ �9 

It is  m o r e  convenient  to find the solut ion of the p r o b -  
l e m  for  a m u l t i l a y e r  s y s t e m  with a complex  ini t ial  
t e m p e r a t u r e  d i s t r ibu t ion  by the method of s epa ra t ion  
of v a r i a b l e s  [3]. F i r s t ,  we find the solution fo r  the 
case  when the t e m p e r a t u r e  of the m e d i u m  is  given by 
a function in the f o r m  of the common  t e r m  of a Mac-  
l au r in  s e r i e s ,  the boundary  condit ions (3a) and (3b) 
being r ep laced ,  r e s p e c t i v e l y ,  by 

Ot (x, ~) a~ F t~) (0) ~__  
o---Y-- + ~ k ~ 

- t (x ,  z )  ],-,=o = O; ( 4 )  

t i ( X ,  "c)I'~=~, = 

I[  1 , 
= g~),(o)_ ~ .  qo. ~,, (x) ~, + . . .  -< q~_ ~, ~ (x) ~ + 

q~(I~,b x) exp(--  2, ~a)] �9 (4a) X 
"~+~ ~~ 0 ~- V'p, 1 "r ~ [~P, 

Making the change of va r i ab l e  

t~) (o) 
t~ (x, t) - k! x~ + U~ (x, "0, (5) 

we obtain an inhomogeneous  d i f fe rent ia l  heat  condition 
equat ion fo r  the m u l t i l a y e r  s y s t e m  with homogeneous  
boundary  condit ions and init ial  condition (4a). Using 
subst i tu t ion (5), we can wr i t e  i ts  solut ion in the f o r m  

6(x,  ~) = t~l(o)~ ~ Q~""~ ~'~-~ + + 
t ~ + ( k - -  b----T ' 

+ Q~-~'~'2 ~ + O~,~,2-- 

x, q~ (l~p,z, x) 
~=~ (le-- ,)! ~ ,~  (~;.0 

0~(~,~, x) ] 
3 ' J e x p [ - - P ' ~ , 2 ( x  - - x l ) ]  + ~,~ q~ (P~p.x) 

s "c' -2 [ q),6'~,2, x) 

+ (k  - -  2)! ~ ,z  ~' (~, , ,0  p = l  

'a~ (~,.~, x) ] 
5 ' 'J P'p, ~ q~ (~p.a) 

X e x p  [ - - ~ , ~ ( x - - x ~ ) ]  + . . .  + 

~2k+ 1 
~'p,1 ~P' (~.~) 

+ ' ~  ( - t ) ~  

exp [ - -  F 2 (x --'rx)] + p,2 

~ ( ~ . ,  x) 
N ~ + ~  q~' (,%a) 

p,l  

x exp [ - -  p.2,z (t - -  ~1) z / - -  Fp, l "q] " 

We obta in  the gene ra l  
in te rva l  by supe rpos i t i on  

(6) 

solut ion in the second t ime  
of the t e m p e r a t u r e  f ie lds  

t~ (x, z) = ~ t?) (x) Q,~,~ (x) + 
k~O 

- -  " 2/@1 ' - -  

l =  l k = l  p ~  1 

__ (b,(Ixp, 1, x) .] exp [--  ~ s(~--T1)]+ 

~-~ (1:) i (,Ltp,~_, x) 
+ E ( -  17 t~kl (0) Z.~ 2~+~m • 

X exp [__ ~ 2 (,t __ ~:t) _ _ ,  p,p,2 t "q]' (6a) 

The solut ions for  subsequent  t ime  in t e rva l s  a re  ob-  
ta ined in the s a m e  way as fo r  the second in te rva l .  The 
e x p r e s s i o n  f o r  the t e m p e r a t u r e  f ield at 7m < ~ < 7m+1 
has  the f o r m  

t, (x, ~) = ~ t?)(~) Q~,.~+I (x) + 
k=O 

+ (--1), (k-- z)! J 
/=1 l=1 k= /  

~ [ q)= (Pv,i+. x) 
X .2l+a m' (~,p,i+~) 

p = l  ~p,j@I't" 
2l~'1 t J X Po,J o; (~p.i) 

N exp 2 [-- ~,,,,+1 (t - T..) - -  ~.,~ (~., - -  ~.; ~) . . . .  

. . . .  ~2 (is+ ~ _ l:i) ] + p , f ' l  
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-b L ( - -1) '  tr (O) L O~(~o,~, x) 2,+1 ' X 
,=o p=l ~%,i ~ (~p.i) 

X exp [--  2 ~ 'r - -  ~p,m+l (T - -  ~ )  - -  ~p,m ( m - -  ~,~--1) 

. . .  11~,i+I (T/+ 1 - -  "el) . . . . .  [Xp 2, ITI]. (7 )  

F 

1 

e o eiej. 0j,, o.., 0~.,e. e~.,.T 

Time dependence of the function F. 

An ana lys i s  of (7) shows that the genera l  express ion  
for  the t e m p e r a t u r e  field can be divided into two par ts ,  
one of which, 

~t~'~ (~)O,,~(x), (8) 
k=O 

contains the d is t r ibut ion  of the physica l  p a r a m e t e r s  
with r e spec t  to the coordina te  only at the instant  of 
t ime  cons idered  ("running dis t r ibut ion") ,  while the 
other ,  which has m t e r m s  of the type (for f ixed k, l) 

t~,)(0) ~_, ~ l -  r  x) 
(k--/)!  x1 71 L 112/+] ~! 

p=l ~'p, ]+1 (~tp.i+~) 

q)~ (~.  ~, x) 
2l-~-1 ,- J X ~ .  ~ ~P (~,. ~) 

�9 .. ~, ~+~ (~J+l -- ~i)l, (8a) 

contains the d is t r ibut ions  of the p a r a m e t e r s  with r e -  
spect  to the coordina te  for  the en t i re  p r o c e s s  f r o m  
the beginning to the instant  cons idered .  

We will cons ider  how the t e m p e r a t u r e  field is af- 
feeted by the reduct ion of AT and Ax with r e f e r e n c e  to 
the example  of  a thin plate, where  it is  poss ib le  to 
neglect  the var ia t ion  of the physica l  p a r a m e t e r s  with 
th ickness .  As A~j tends to ze ro ,  the t e m p e r a t u r e  
d is t r ibut ions  with r e spe c t  to the coordinate  at t imes  
~-j, ~j+~ will be indist inguishable,  as a r e su l t  of which 
the the rmophys ica l  p a r a m e t e r s  in the polynomials  
Qk, i(x) and t e m p e r a t u r e  field (8) will be uniquely de-  
t e rmined .  

The absolute value of the sum of m t e r m s  of type 
(8a) can be r e p r e s e n t e d  graphica l ly  by the shaded a rea  
in the f igure,  where  along the axis of absc i s s a s  we 
have plotted t ime,  denoted by | (to dis t inguish it f r o m  

the running t ime T, which is fixed in analyzing (8a)), 
and along the ordinate  axis the quanti ty Fk, l: 

/ t~'>(~ , , ,  
P,.~ = t (~_t ) ,  ~ [ ( ~ ) ' -  

-( i'l'• V.a A., I X 
\ ay I ] 

I 
e x ~ [  u  am+l  (2 : - - -Om ) "~- "'" "~al+l(Oi_+l--Oi)]}X 

• , [ , - <  R~ 

x [0i+1-- 0i]-1; 

2( - -  1)" R - - x  . 
Ap. t=  ~ # + ~  cos~-  R ' 

vp = ( 2 p - -  1) ~ .  (9) 
2 

The express ion  in b r a c e s  in (9) r e p r e s e n t s  t e r m s  of 
type (Sa) fo r  a thin plate.  

Trea t ing  the t he rma l  diffusivity as  a complex func-  
tion of t ime,  we find that  as A| --* 0 and, c o r r e s p o n d -  
ingly, as  m = ~-/AO --* ~o, Fk ' l tends to the l imi t  

t~') (O) l Ok-l[ R2 1 l 
Fk. t (k - -  l)! a [t (0)] • 

.g 
! a(~l)d~] . 

a'[t(O)] Ot ~ A R  texp[ - -v~  l 
• a[t(0)] 0 0  ' - R ~ - �9 (9a) 

p~l  

In this case  the broken line on the graph (see f igure) is 
t r a n s f o r m e d  into a smooth  curve,  and the absolute 
value of the sum of m t e r m s  (Sa) is  exp res sed  by the 
in tegra l  

i F , .  t dO, (10) 
0 

i . e . ,  by the a r e a  under  the curve  in the f igure.  
Thus, the solution of the s y m m e t r i c a l  p rob lem for  

a thin plate with account  fo r  the var iab le  physical  
p a r a m e t e r s  can be wri t ten  in the f o r m  

t (x, ~) = ~ t~ k>'(*) Ok (x) + 
k=O 

+ (--1) t F ~ , z d O +  
0 l=l k=l 

, =0  

S a(n) 
•  Ap , exp  [ - - , ~  ~ 

, R 2 
p~l  

i k )< 
dn ] (il) 

An analys is  shows that  the effect  of the var iable  
phys ica l  p a r a m e t e r s  is felt  only on a smal l  t ime in- 
t e rva l  c lose  to the calculat ion point | = T; at  g r e a t e r  
d i s tances  f r o m  that  point the effect  of a change in the 

. . pa rame te r s  rapidly  d imin i shes - -a s  | dec reases ,  the 
value of Fk, l asympto t ica l ly  approaches  the axis of 
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a b s c i s s a s  (see f igure) .  The re fo re ,  in ana lyz ing  the 
t e m p e r a t u r e  f ie lds  it is  poss ib l e  to use  a sma l l  t ime  
in t e rva l  [| T]. 

When a ' ( t )  -"  0 and,  consequen t ly ,  a(t) -* a,  the 
in teg ra l  in (11) tends  to zero  and (11) co inc ides  with 
the gene ra l  e x p r e s s i o n  for  the t e m p e r a t u r e  f ield in 
the l i n e a r  p rob lem [4]. 

If the t e m p e r a t u r e  at  the bounda ry  is  given as a 
function te(~T), then as ~ -~ 0 all the terms in (II) 

will be infinitesimals , except tc(aT)Q0, where Q0 = I. 
Consequently, the temperature does not vary over the 
thickness of the plate and follows the variation of the 
temperature at the boundary. This corresponds to 
normal physical notions; if the temperature at the 

boundary varies slowly (~ ~ 0), the temperature field 
in the plate will be able to equalize itself. 

The basic laws obtained from an investigation of 
the symmetrical temperature field in a thin plate are 
also preserved in the general case; however, their 
analytic expression is much more complicated. Treat- 
ing the eigennumbers #p and the functions �9 and (p, 
which contain values of the temperature-dependent 
thermophysical parameters, as complex functions of 
t(| we represent the solution of the general prob- 
lem in form (11), where the following expression can 

be given for Fk, l: 

t~(0) o k - ~  d 

• .2~+~ (O) cp' I0, ~p (0)1 x 
r - p  

It is more convenient to use the general expression 
(7), (12) not for specific calculations (since in the 
general case Fk, l cannot be expressed in explicit 
form), but for analyzing the laws of thermal processes 
in multilayer systems: the effect of the temperature 
dependence of the parameters, the law of variation of 
the ambient temperature, the relative distribution of 

the layers of the multilayer system, etc. 
The general solution can also be used for simpli- 

fied calculations, when the temperature field is de- 

termined from the part of the solution characterized 
by a running distribution of the physical parameters 
with respect to the coordinate; the other part, which 
takes into account the effect of the previous variation 

of the thermal properties, can serve to estimate the 

error of the approximate calculations. 
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